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Abstract
In the first part of the talk we discuss T-duality for a free boson on a world sheet with
boundary in a setting suitable for the generalization to non-trivial backgrounds. The gauging
method as well as the canonical transformation are considered. In both cases Dirichlet strings
as T-duals of Neumann strings arise in a generic way. In the second part the gauging method
is employed to construct the T-dual of a model with non-Abelian isometries.
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1 Introduction
During the last years the appealing picture arose that all string theories are just suitable
descriptions of one underlying unique theory. This picture is supported by the discovery
that many string theories are linked to each other via duality transformations. Among those
dualities T-duality is around already for quite some time [1, 2]. It is a weak coupling/weak
coupling duality relating small compactification radii on one side to large compactification
radii on the dual side. In some cases it maps different looking string theories on each other
like type IIA on type IIB [3, 4, 5, 6] or the heterotic E8 × E8 on a heterotic SO(32) string
(with symmetry breaking Wilson lines)[7]. Already some time ago it has been observed
that Dirichlet boundary conditions arise in the T-dual description of toroidally compactified
open strings with the usual Neumann boundary conditions [3, 8, 9]. That is the T-dual
picture includes extended objects (D-branes) in a natural way, (for an excellent review see
[10]). Those D-branes play an important role in establishing string dualities like e.g. type
I/heterotic duality [11] or in identifying heterotic/heterotic duality in six dimensions with
T-duality in an open string theory [12]. Therefore it appears to be interesting to generalize
the T-duality transformation for open strings living in a non trivial background.
That in backgrounds possessing a Poisson-Lie symmetry T-duality maps Neumann on
Dirichlet conditions has been shown in [13]. Later on, T-duality was carried out in general
backgrounds with Abelian isometries [14, 15]. The generalization for backgrounds with
non-Abelian isometries is worked out in [16], which will be partly reported in the present
talk. There have been some publications discussing T-duality corresponding to non-Abelian
isometries [17], [18, 19, 20, 21, 22, 23]. Here we will follow the initial work of [17], i.e. we
have to restrict ourself on semi-simple isometry groups.
Non-Abelian T-duality for open strings has been discussed in [24] as a canonical trans-
formation. In [24] results differing from ours have been obtained. Below we will argue
that a proper inclusion of boundary effects in the canonical transformation gives Dirichlet
conditions as a dual for free varying ends of the string, generically.
In the next section we will discuss T-duality for the simplest example, viz. a free boson.
We will use the gauging method [25] and we will also discuss a canonical transformation
approach. Knowing the results for the closed string it will be straightforward to extend
those considerations to less trivial backgrounds. In section three we gauge the non-Abelian
isometries of a sigma model with boundary and sketch the T-duality transformation. The
last section concludes the talk also mentioning some open problems. In a brief appendix we
give basic ideas about the canonical transformation.
1
2 The free boson
Combining the following discussion of the free boson with known results of closed string
theory it will be straightforward to modify closed string results to the open string. The
action for the free boson is given by
S =
∫
Σ
d2z ∂aX∂
aX. (1)
In addition we specify boundary conditions
ba∂aX|∂Σ = 0, (2)
with b being some two dimensional vector. If b is tangent to the boundary we have, up to
a constant, Dirichlet conditions and otherwise Neumann or mixed conditions. This model
is invariant under global shifts of X . Now we are going to gauge that symmetry and at
the same time to suppress excitations of the gauge fields, i.e. to rewrite the theory to an
equivalent one. Integrating out the gauge fields will then give the T-dual model. When
suppressing gauge field excitations one also has to care about global excitations in order to
obtain a full equivalence. That issue will be neglected here since in the non-Abelian case
this is an unresolved problem also in the closed string [18, 19, 20]. We want to construct an
action invariant under
X → X + f(z) (3)
in combination with
Ωa → Ωa − ∂af. (4)
Defining covariant derivatives via
DaX = ∂aX + Ωa. (5)
a gauge invariant action is given by
Sgauged =
∫
Σ
d2z (DaXD
aX + λF ) +
∮
∂Σ
ds (cta + κ(s)ba) Ωa, (6)
where F is the field strength corresponding to the isometry gauge field Ω,
F = ǫab∂aΩb, (7)
λ is a Lagrange multiplier forcing the field strength F to vanish, t is the tangent vector on
the boundary ∂Σ and c is an arbitrary constant. The second Lagrange multiplier κ forces the
b-component of the gauge field to vanish at the boundary. Integrating out λ will constrain
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T-Duality
δS = 0
∂nX|∂Σ = 0
δX∂nX|∂Σ = 0
δX|∂Σ = 0
Figure 1: T-duality for open strings interchanges free varying ends with fixed ends.
the gauge fields to be pure gauge, integrating out κ will imply boundary conditions on the
gauge parameter such that the gauge parameter can be absorbed by a shift in X and the
equivalence to the ungauged model is established.
Before integrating out the gauge fields it is useful to employ partial integrations such that
the action does not contain derivatives of Ω. Then the Ω integral is ultra local and factorizes
into an integral where the argument of the gauge field is in the bulk times an integral where
the argument of the gauge field is on the boundary. The first one gives the dual action in
terms of the dual coordinate λ whereas the later integration results in a two dimensional
delta function
δ(2) (cta + κba + λta) . (8)
In the case that b is not tangent to the boundary (i.e. Neumann or mixed conditions) the
second Lagrange multiplier κ has to vanish and the remaining one dimensional delta function
imposes Dirichlet conditions on the dual coordinate
λ|∂Σ = −c. (9)
On the other hand if we started with Dirichlet conditions (up to a constant), i.e. b is tangent
to the boundary, (8) just relates the first to the second Lagrange multiplier on the boundary
and no boundary conditions for the dual coordinate are specified, i.e. the ends of the dual
string vary freely, (the infinite factor δ(0) can be thought of as arising from specifying
Dirichlet conditions only up to a constant). Finally we end up with the picture drawn in
figure 1.
Before considering non trivial backgrounds we would like to discuss how to obtain the
very same result as a canonical transformation. Now, let us choose as a specific world sheet
a strip in the upper half plane bounded by the σ = 0 and the σ = π axis. The time τ is the
coordinate parallel to the boundary. Furthermore, let us assume that the time asymptotic
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of the fields is such that the boundary can be closed at infinite times. The action for a free
boson X is given by
S =
∫
d2σ
1
2
[
(∂τX)
2 − (∂σX)2
]
+
1
2
(∫
σ=0
−
∫
σ=π
)
dτc∂τX, (10)
with c being some arbitrary constant. The boundary term is a total derivative integrated
over a closed path and hence vanishes. It will prove useful to keep it, nevertheless. The
canonical momentum is defined by
P =
δS
δ∂τX
, (11)
leading to
P = ∂τX for σ ∈ (0, π), (12)
P =


c
2
for σ = 0
− c
2
for σ = π
(13)
for free varying ends, i.e. the net momentum flow through the boundary is zero. The gener-
ating functional for the canonical transformation5 is given by the expression
F
[
X, X˜
]
=
1
2
∫ π
0
dσ
(
X˜∂σX −X∂σX˜
)
(14)
from which one obtains the canonical transformation via
δF = PδX − P˜ δX˜. (15)
with
δF =
∫ π
0
dσ
(
−δX∂σX˜ + δX˜∂σX
)
+
1
2
(
δXX˜ −XδX˜
)σ=π
σ=0
(16)
and (12) we get
∂σX˜ = −∂τX
P˜ = −∂σX
for σ ∈ (0, π). (17)
Eq. (13) together with (16) gives
X˜ = −c for σ = 0, π (18)
which in turn freezes the X˜ variation to vanish at the boundary and leaves the boundary
value of the dual momentum open, i.e. we see already at this stage that a Dirichlet string
arises in the dual picture, which will turn out to be a generic result as long as the original
string has free varying ends. (Note however that adding additional boundary contributions
to the generating functional will change that result.)
5Some basics about canonical transformations are given in the appendix.
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3 The gauged model and non-Abelian T-duality
In this section we are going to gauge a model with non trivial background following [26, 27]
and to construct the T-dual model in analogy to the previous discussion. The sigma model
under consideration is given by
S = −1
2
∫
Σ
d2σGmn∂aX
m∂aXn
−
∫
∂Σ
dsAm∂sX
m +
1
4π
∫
Σ
d2σ
√
γR(2)Φ− 1
2π
∫
∂Σ
dskΦ . (19)
The non trivial fields are the target space metric G the dilaton Φ (coupling to the scalar
curvature R(2) in the bulk and to the geodesic curvature k on the boundary), and the U(1)
gauge field A coupling to the boundary. (The antisymmetric tensor field is taken to be trivial
for simplicity.) Further let us assume that there are isometries forming a semi-simple Lie
group,
[ξI , ξJ ] = fIJ
KξK . (20)
Then the coordinates Xm transform as
δXm = ǫIξmI . (21)
The conditions that the action (19) is invariant under these (global) transformations is that
the Lie derivative of the dilaton vanishes and that the Lie derivative of the U(1) gauge field
is a pure gauge
LξIAm = ∂mφI . (22)
Note that the right hand side of (22) is invariant under constant shifts of φI . From now on
we will neglect the dilaton and comment on it in the conclusions. By evaluating L[ξI ,ξJ ]Am
we find that φI must satisfy the consistency conditions
LξIφJ − LξJφI = fIJKφK − kIJ , (23)
where kIJ are constants transforming under the above mentioned constant shifts of φI . The
gauged model is obtained by introducing isometry gauge fields Ω and demanding invariance
of the action under
δXm = ǫIξmI ,
δΩIa = ∂aǫ
I + fKJ
IΩKa ǫ
J . (24)
Since we have no antisymmetric tensor field in the bulk the gauge invariant bulk part of the
action is obtained by replacing partial derivatives with covariant ones
DaX
m = ∂aX
m − ξmI ΩIa . (25)
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To construct an action with an invariant boundary term we employ Noether’s method, i.e.
we add
S(1) =
∫
dsCI Ω
I
s (26)
and determine the fields CI such that the full action is gauge invariant. That leads to two
equations (for details see [16])
CI = −AmξmI + φI + λI (27)
LξICJ = −fJIKCK , (28)
with λI being some constant. These equations are compatible provided that
kIJ − fIJKλK = 0 , (29)
implying an integrability condition on the constants kIJ
fIJ
KkKL + cycl. perm. = 0. (30)
The gauged model is finally given by
S = −1
2
∫
Σ
d2σGmnDaX
mDaXn −
∫
ds
(
Am∂sX
m − CIΩIs
)
. (31)
Now, one can perform a T-duality transformation for the considered model in the same
way as described in the beginning for the free boson. The details are given in [16]. In addition
to the coordinates Xm there might be additional coordinates Xα transforming as singlets
under the isometry. So, we add a Lagrange multiplier constraining the isometry gauge field
strength to vanish. This Lagrange multiplier transforms in the adjoint of the isometry group.
A second Lagrange multiplier is added to give the correct boundary conditions on the gauge
parameters, and as we have seen in the beginning it finally drops out, (here we start with
the Neumann string). Then rewriting the action such that there are no derivatives of the
isometry gauge fields and factorizing the Ω integral into a bulk part and a boundary part
will give the dual bulk action and Dirichlet conditions on the dual coordinates ΛI
ΛI + CI = 0 on ∂Σ, (32)
being covariant with respect to the isometry group. The gauge fixing is done by fixing the
Xm, and in general one has to fix some of the ΛI as well in order to remove a residual gauge
symmetry.
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4 Conclusions
We have seen that T-duality in open string models interchanges Neumann with Dirichlet
boundary conditions. Specifically, Neumann boundary conditions correspond to free varying
ends of the string and are not imposed as an external constraint whereas Dirichlet conditions
arise as constraints imposed by a delta function. We argued that a canonical transforma-
tion gives the same result as long as the generating functional has no additional boundary
contributions. Since this is in agreement with the Rocˇek-Verlinde [25] method it seems to
be natural not to add boundary contributions to the generating functional.
We finish this talk by mentioning some open problems. One problem is, as in the closed
string case, the treatment of global issues. Another problem is the dilaton shift. In a general
sigma model with boundary there could be two dilatons, one coupling to R(2) in the bulk
and another one coupling to the geodesic curvature on the boundary. String theory tells us
that there is only one dilaton coupling to the Gauss-Bonnet density. So, a natural guess
would be that the dual dilaton couples also to the Gauss-Bonnet density and receives the
same shift as in the closed string case [17]. A proof for this guess is missing, so far. It might
be as well possible that the dilaton receives (infinite) contributions at the position of the
D-brane [11] which would result in different boundary and bulk dilatons.
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A Canonical transformation for the open string - pre-
liminaries
In the Hamiltonian picture the action for the open string is given by
S [X,P ] =
∫
Σ
d2σ
(
H + PX˙
)
+
∫
∂Σ
dτ
(
h (X,P ) + PX˙
)
. (33)
The equation of motion arising from δS
δX
reads
P˙ =
∂H
∂X
−
(
∂H
∂X ′
)′
(34)
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in the bulk and
δXP˙|∂Σ =
(
∂h
∂X
+
∂H
∂X ′
)
δX|∂Σ (35)
on the boundary. Consider now an equivalent action
S˜
[
X˜, P˜
]
.
This action is equivalent to the first one provided that
δ
(
S − S˜
)
=
∫
dτ
d
dτ
δF
[
X, X˜
]
(36)
defining the generating functional F . Taking into account the equations of motion, (the ones
from δS/δP are not needed explicitly), (36) leads to
PδX − P˜ δX˜ = δF (37)
also in the case of open strings.
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